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Abstract
A spatial representation,R(G), of a graph G, is an embedded image of G in R3. A set of cycles in
R(G) can be thought of as a set of simple closed curves in R3 and thus they may be regarded as a
link in R3. A recent area of research investigates the dependence (or independence) of the link types
on the structure of the abstract graph G itself rather than on speciﬁc spatial representations of G. In
this article, we survey what is known today.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
By a graph we mean a ﬁnite undirected graph (loops and multiple edges allowed). A
graph is complete if every pair of vertices is adjacent. A complete graph with n vertices is
denoted by Kn. A graph is said to be bipartite if its set of vertices can be partitioned into
two disjoint sets A and B (bipartition) such that no two vertices in the same set are adjacent.
A complete bipartite graph is a bipartite graph with bipartition A and B in which each vertex
of A is joined to each vertex in B. A complete bipartite graph with |A| =m and |B| = n is
denoted by Km,n. A cycle in a graph G is a connected subgraph G′ of G such that every
vertex ofG′ has exactly two incident edges. In particular, a cycle that contains every vertex
of G is called a Hamiltonian cycle of G; see [8] for further graph theory details.
A spatial representation R(G), of a graph G, is the embedded image of G in R3, that
is, the vertices of G are distinct points in 3-dimensional space and the edges are simple
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Fig. 1. AR(K6) with two concatenated cycles.
Jordan curves between them in such a way that any two curves are either disjoint or meet at
a common end point. Throughout this paper we consider tame spatial representations, i.e.,
spatial representations that have piecewise linear edges. The cycles inR(G) can be thought
of as simple closed curves in R3. Hence, we may regard a set of spatial cycles as a link in
R3.
The study of the dependence (and independence) of the link (and knot) types contained
in spatial representations has been the attention of recent research. These investigations
have generated a number of research papers and, at present, there are not comprehensive
or accessible sources summarizing the progress on it. This manuscript has a goal to survey
what is known today. In Section 2 we describe and summarize the results in relation with
concatenated graphs. Section 3 discusses the results on self-knotted graphs. Section 4 is
dedicated to realizable embeddings. In Section 5 we survey what is known on linear em-
beddings. Finally, we give an Appendix with some basic deﬁnitions on knot theory needed
throughout this paper.
2. Concatenated graphs
In 1973, Bothe [9] raised the following question:1
Consider a set of six distinct points in the Euclidean 3-dimensional space R3 and
assume that each pair of these points is connected by a simple curve such that no two
of these curves have a point in common—except for their endpoints, of course. Is it
true that in this spatial ﬁgure we can always ﬁnd a pair of simple closed curves that
are ‘concatenated’?
Two curves are called concatenated if they cannot be embedded in disjoint (topological)
balls. Fig. 1 shows such spatial ﬁgure with exactly one pair of concatenated triangles.
Sachs [59] answered the above question positively (this was also answered by Conway
and Gordon [16]).
1 At the Eger Conference,W. Moser informed H. Sachs that the same problem had also been raised by his late
brother Leo Moser about 15 years earlier (unpublished).
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Theorem 2.1 (Conway and Gordon [16], Sachs [59]). Any R(K6) contains a set of two
cycles which is isotopic to the link 221.
Sachs proved Theorem 2.1 by using the unlinking number of links while Conway and
Gordon proved it by showing that everyR(K6) contains an odd number of pairs, among the
set of all pairs of disjoint cycles in K6, with odd linking number (using the mod 2 linking
number of links); see also [5,6] for related discussions.
The degree of concatenation of two disjoint cycles in a R(G) is the minimal number
of permeations necessary to disconcatenate them (the permeation of the arcs of the same
cycle is counted with multiplicity 2). The degree of concatenation of R(G) is the sum of
the degrees of concatenation over all unordered pairs of disjoint cycles. Finally, the degree
of concatenation of G is the minimal degree of concatenation of a R(G). G is said to be
discatenable if its degree of concatenation is zero.
Sachs posed the following question [59, Problem 1]: Let D be the class of all dis-
catenable graphs, can the class D be characterized by a ﬁnite set of forbidden subgraphs?
Theorem 2.1 implies that K6 /∈D.
Nešetrˇil and Thomas [42] answered the above question positively even in a stronger
sense (recall that H is a minor of a graph G if there exists a subgraphG′ of G which can be
contracted onto H).
Theorem 2.2 (Nešetrˇil and Thomas [42]). Let k be a positive integer and let Dk be the
class of all graphs with degree of concatenation less or equals to k. Then, there exists a
set of graphs Gk1, . . . ,Gkn(k) with the following property: G ∈ Dk if and only if no Gki is a
minor of G.
Nešetrˇil and Thomas proved Theorem 2.2 by using the following outstanding result
(known as Wagner’s conjecture) due to Robertson and Seymour [51].
Theorem 2.3 (Robertson and Seymour [51]). Every class of ﬁnite graphs which is closed
under minors can be determined by a ﬁnite set of forbidden minors.
Presently, no bound can be deduced from the Robertson–Seymour argument (which is
based on the theory of well-quasiorderings).
In a series of three papers by Robertson et al. [54–56] (see also [52]) strengthened
Theorem 2.2 by characterizing the set of graphsGk1, . . . ,G
k
n(k) when k = 1. Before stating
their result, recall that the Petersen family2 consists of all graphs obtainable from K6 by
the so-called Y − and − Y operations (Y − means deleting a vertex of degree 3, and
making its neighboring vertices mutually adjacent. − Y is the reverse operation applied
to a triangle). Fig. 2 shows the Petersen family.
Theorem 2.4 (Robertson et al. [53,56]). A graphG is discatenable if and only if it contains
as a minor none of the seven Petersen family graphs.
2 The name of this family comes from the fact that it contains the well-known Petersen graph.
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Petersen Graph
Fig. 2. The Petersen family.
Motivatedby estimating themaximummultiplicity of the secondeigenvalueofSchrödinger
operators, Colin de Verdière [14,15] introduced an interesting new invariant, (G), for a
graph G, based on spectral properties of matrices associated with a graph G. Colin de
Verdière showed that the invariant is monotone under taking minors (i.e., if H is a minor
of G then (H)(G)), that (G)1 if and only if G is a disjoint union of paths, that
(G)2 if and only if G is outerplanar, and that (G)3 if and only if G is planar.
Since any of the graphs in the Petersen family has (G)5 (which was proved by Bacher
and Colin de Verdière in [2]), it follows that if (G)4 then G is discatenable. Lovász and
Schrijver [29] have proved the reverse implication (conjectured byRobertson and Seymour).
Theorem 2.5 (Lovász and Schrijver [29]). G is discatenable if and only if (G)4.
A key ingredient in the proof of Theorem 2.5 is a Borsuk-type theorem on the existence
of antipodal links. Theorem 2.5 gives a spectral characterization (beside the combinatorial
characterization, in terms of minors) of the topologically deﬁned class of discatenable
graphs.
A triple link is a nonsplit link of three components. We say that a graph G is intrinsically
triple linked if every spatial representation of G contains a triple link. Chan et al. [23]
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proved that K3,3,3 is not intrinsically triple linked and conjectured that K9 is intrinsically
triple linked. Flapan et al. [21] disproved this conjecture.
Theorem 2.6 (Flapan et al. [21]). K10 is intrinsically triple linked and K9 is not intrinsi-
cally triple linked.
A graph is intrinsically n-linked if every spatial representation of G contains a nonsplit
link of n components. Flapan et al. [20] studied the intrinsically n-linked graphs.
Theorem 2.7 (Flapan et al. [20]). For any natural number n, there always exist an intrin-
sically (n+ 1)-linked graph.
The graphs in Theorem 2.7 are exhibited explicitly. Moreover, they showed that each of
these graphs is minor minimal in the sense that every minor of it has an embedding in R3
that contains no nonsplit n-component link.
In [7] Bokor and Johnson extended the concept of intrinsically n-linked as follows. A
graphG is (s, t)-intrinsically linked if every spatial representation ofG contains a nontrivial
link whose components are an s-cycle and a t-cycle (a r-cycle is a cycle of length r). Such
a link is called an (s, t)-link.
Theorem 2.8 (Bokor and Johnson [7]). Kn,n is (4, 2n− 4) intrinsically linked andKn,n,1
is (4, 2n− 3)-intrinsically linked.
Johnson and Johnson [25] generalized Theorem 2.8. A graph G with n vertices that is
(s, t)-intrinsically linked for all s + t = n for which G has s- and t-cycles is a completely
linked graph.
Theorem 2.9 (Johnson and Johnson [25]). For any n4, Kn,n is completely linked.
As a consequence of Theorem 2.9, Johnson and Johnson [25] obtained the following
results:
Corollary 2.10. For n3, and any even integer 4k2n− 2, Kn,n,1 is (k, 2n− k + 1)-
intrinsically linked.
Corollary 2.11. For n3, K2n+1 is completely linked.
Lemma 2.12. For n3, Kn,n,1,1 is (k − 1, 2n− k + 3)-intrinsically linked for all even k
such that 4k2n.
Corollary 2.13. For n3, K2n is completely linked.
Notice that Corollary 2.13 contains Theorem 2.1 when n= 3. Corollaries 2.11 and 2.13
have also been proved by Dochterman et al. [18]. Recently, Flapan [19] showed that for
every m ∈ N there exists an n ∈ N such that every spatial representation of the complete
graph on n vertices contains a link of two components whose linking number is at least m.
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Fig. 3. An special embedding of K7 in R3.
We close this section bymentioning that Bo˝hme [4] studied the following question (posed
by Sachs in [58]): how many edges a discatenable graph on n vertices can have?
3. Self-knotted graphs
A graph G is called self-knotted if everyR(G) contains a knotted cycle. In the same pio-
neer paper in which Theorem 2.1 is proved, Gordon and Conway also showed the following
result.
Theorem 3.1 (Conway and Gordon [16]). Every R(K7) is self-knotted.
Proof (Sketch). Given a R(K7) deﬁne  ∈ Z2 by  =∑ (C) where (K) denote the
Arf-invariant of knot K and the summation being over all 360 = 126! Hamiltonian cycles
C in K7. It is shown that  is invariant under crossing changes. Since ′ =  (mod 2) is
unaffected by crossing changes, then ′ must be the same for everyR(K7). In particular, if
′ is equals to 1 for any speciﬁcR(K7) then ′ is equals to 1 for everyR(K7). It is routine to
verify that theR(K7) shown in Fig. 3 has all Hamiltonian cycles unknotted (and thus with
Arf-invariant equal to zero) except one isotopic to the trefoil (and thus with Arf-invariant
equal to one). Finally, since ′ = 1 for every R(K7) then for a given R(K7), it cannot be
the case that all the Hamiltonian cycles in the embedding are unknotted (otherwise, we may
have a R(K7) with ′ = 0). Therefore, every R(K7) is self-knotted. 
Note that Theorem 3.1 says nothing about the knot type. There may exist a R(K7) with
all Hamiltonian cycles unknotted (with Arf-invariant equal to zero) except one isotopic to,
say, the ﬁgure-eight (with Arf-invariant equal to one).
In 1988, Shimabara [60] generalized Conway–Gordon’s method to prove the following
two results:
Theorem 3.2 (Shimabara [60]). The complete bipartite graph K5,5 is self-knotted.
Theorem 3.3 (Shimabara [60]). Every R(K5,5 − {e}), R(K4,4,1) and R(Km,m) (m5)
has an even number of Hamiltonian cycles whose Arf-invariant are one.
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Fig. 4. Embeddings of K5,5 and K4,5 in R3.
Fig. 4 illustrates both aR(K5,5) containing a knotted cycle isotopic to the trefoil (formed
by sequence [5, a, 3, d, 1, b, 4, e, 2, c, 5]) and a Hopf link (formed by sequences [a, 5, c, 2,
d, 3, a] and [b, 1, e, 4, b]) and a R(K4,5) having no knotted cycles but containing a Hopf
link (formed by the sequences [a, 3, c, 1, a] and [b, 4, d, 2, b]).
LetFSK be the family of all self-knotted graphs. LetFcSK be the complement ofFSK
in the family of all ﬁnite graphs. Motwani et al. [34] studied the setsFSK andFcSK.
Proposition 3.4 (Motwani et al. [34, Lemma 2]). Suppose that G′ is a graph obtained
from G by a − Y transformation.
(i) If G ∈FSK then G′ ∈FSK and
(ii) If G ∈FcSK then G′ ∈FcSK.
Proposition 3.4 andTheorem 3.1 imply that the application of the−Y transformation to
K7 would leads to another self-knotted graph. By repeatedly applying this transformation
until there are no triangles left, one may obtain 13 more graphs which are self-knotted.
Kohara and Suzuki [28] analyzed this set of graphs.
Theorem 3.5 (Kohara and Suzuki [28]). The 13 graphs that are obtained from K7 by
repeatedly applying − Y transformation are forbidden forFcSK.
Theorem 3.5 was also pointed out by Motwani et al. [34].
A graph G is said to be critical with respect to self-knotted if and only if G ∈FSK, the
minimum degree of G is at least three and any proper subgraph H of G belongs toFcSK. In
[28], Kohara and Suzuki also discussed the set of all critical graphs. denoted by C(FSK).
They observed that O(FcSK) ⊂ C(FSK) where O(FcSK) denotes the obstruction set for
FcSK.
It follows immediately from Theorems 2.1 and 3.1 that
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(1) EveryR(Kn) contains at least ( n6 ) pairs of disjoint cycles that are concatenable (n6)
and
(2) Every R(Kn) contains at least ( n7 ) 7-cycles that are nontrivial (n7).
It is an interesting problem to decide whether or not there exists aR(Kn) containing exactly
(
n
6 ) pairs of disjoint cycles that are concatenable (resp. containing exactly ( n7 ) 7-cycles that
are nontrivial). Note that this is true for n= 6 (resp. n= 7); see Figs. 1 and 3. Otsuki [45]
proved, by introducing the concept of canonical book representation, that the lower bounds
are best possible.
Theorem 3.6 (Otsuki [45]). There exists aR(Kn) such that the number of pairs of disjoint
linked 3-cycles is exactly ( n6 ). All of the links are 221 for n6. There exists a R(Kn) such
that the number of knotted 7-cycles is exactly ( n7 ). All of the knotted 7-cycles are trefoils for
n7.
The embeddings stated in Theorem 3.6 are given explicitly. Thomas [65, p. 212] asked
whether K1,1,3,3 is self-knotted. A positive answer was given by Foisy [22] by adapting
Conway and Gordon’s method. In view of Theorem 2.5, it is tempting to ask whether there
is a relationship between a not self-knotted graph G and (G)5.
We ﬁnally mention the following nice generalization of Theorem 3.1 in higher dimen-
sions, due toTaniyama [63]: any embedding of the n-skeleton of a (2n+3)-dimensional sim-
plex into the (2n+1)-dimensional sphere contains a nonsplitable link of two n-dimensional
sphere.
4. Realizable embeddings
Let n be the graph on two vertices and n edges joining them. Kinoshita [26] has proved
the following nice result.
Theorem 4.1 (Kinoshita [26]). Any given n(n− 1)/2 knot types are realized by a spatial
embedding of n at once.
Fig. 5 (obtained from [61, p. 208]) illustrates a 3 that realizes the trefoil, the ﬁgure-eight
and the torus knot T (5, 2) simultaneously.
Theorem 4.1 naturally yields to consider whether a given collection of knot types is
realized by a spatial graph at once. Let (G) be the set of all cycles in a graphG and SE(G)
the set of all spatial embeddings of G into the 3-sphere. Suppose that for each  ∈ (G),
 ∈ SE() is given.We say that a set of embeddings { ∈ SE() |  ∈ (G)} is realizable
if there is an element f ∈ SE(G) such that the restriction map f | is ambient isotopic to 
for all  ∈ (G). A graph G is adaptable if any set of embeddings { ∈ SE() |  ∈ (G)}
is realizable.
Harikae and Kinoshita [24] proved a stronger form of Kinoshita’s result and used it to
show that the graph consisting of three vertices and prescribed number of edges joining the
three pairs of vertices is also adaptable. Yamamoto [66] showed that K4 is adaptable.
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T(5,2)Trefoil Figure-eight
Fig. 5. A 3 embedding.
Theorem 4.2 (Yamamoto [66]). Let (c1, . . . , c7) be the seven cycles inK4.For any ordered
7-tuple (k1, . . . , k7) of knot types, there is aR(K4) such that the associated list of knot types
of (c1, . . . , c7) is (k1, . . . , k7).
In [68], Yasuhara gives a certain canonical representation of knots that is obtained from
-unknotting operation and a sufﬁcient condition for graphs to be adaptable by using this
canonical representation. As an application,Yasuhara obtained the following result.
Theorem 4.3 (Yasuhara [68]). Any proper subgraphs of K5 and wheel graphs are
adaptable.
Ohyama and Tanimaya [43] studied the Vassiliev invariants of the knots contained in a
R(G) and obtained, among other results, that
Theorem 4.4 (Ohyama and Taniyama [43]). The graph C5, that is, the graph obtained
from a 5-cycle by doubling all its edges (see graph G8 in Fig. 6) is not adaptable.
It is noted in [43] that G5 is the ﬁrst planar graph which is known to be nonadaptable.
Note that if H is a proper minor of G and G is adaptable, then H is also adaptable. Let 	 be
the set of nonadaptable graphs all of whose proper minors are adaptable. By Theorem 2.3,
	 has a ﬁnite number of elements. It would be an interesting problem to ﬁnd all elements
of 	. Let 	0 be the set of planar graphs in 	.
Theorem 4.5 (Yasuhara [68]). 	\	0 = {K5,K3,3}.
The fact thatK5 andK3,3 are not adaptable was shown byMotohashi and Taniyama [33].
Theorem 4.6 (Motohashi and Taniyama [33]). No nonplanar graph is adaptable.
Recently, Taniyama andYasuhara [64] (see also [61]) proved that
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Fig. 6. Graphs G1, . . . ,G8.
Theorem 4.7 (Taniyama and Yasuhara [64]). Let G1, . . . ,G8 be the graphs shown in
Fig. 6. Then, {G1, . . . ,G8} ⊂ 	0.
Moreover, Taniyama andYasuhara showed the following two results:
Theorem 4.8 (Taniyama and Yasuhara [64]). A set of spatial embeddings { ∈ SE() |
 ∈ (K5)} is realizable up to ambient isotopy if and only if there is an integer m such that
∑
∈C5(K5)
a2(())−
∑
∈C4(K5)
a2(())=
m(m− 1)
2
,
where a2(J ) is the second coefﬁcient of the Conway polynomial of knot J andC5(K5) (resp.
C4(K5)) denote the set of all 5-cycles (resp. 4-cycles) in K5.
Theorem 4.9 (Taniyama and Yasuhara [64]). A set of spatial embeddings { ∈ SE() |
 ∈ (K3,3)} is realizable up to ambient isotopy if and only if there is an integer m such
that
∑
∈C6(K3,3)
a2(())−
∑
∈C4(K3,3)
a2(())=
m(m− 1)
2
,
where a2(J ) is the second coefﬁcient of the Conway polynomial of knot J and C6(K3,3)
(resp. C4(K3,3)) denote the set of all 6-cycles (resp. 4-cycles) in K3,3.
Since {m(m− 1)/2|m ∈ Z} is a proper subset of Z, then K5 and K3,3 are not adaptable.
Thus, by Kuratowski graph planary criteria, Theorems 4.8 and 4.9 imply Theorem 4.6.
Onda [44] gave a necessary and sufﬁcient condition for the set { ∈ SE() |  ∈ (G)}
to be realizable where G is any of the graphs G1, . . . ,G7 given in Fig. 6 (the problem for
G8 still open).
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In [27], Kinoshita proved that, given a disjoint embedding ofm(m−1)/2 bipartite graphs
K2,n, there is aR(Km,n) whose subgraphsK2,n are equivalent to the given ones. Taniyama
[62] gave conditions for a collection of knot types of subgraphs of a graph to be realized by
a spatial embedding of the whole graph at once (implying Kinoshita’s result). Finally, we
mention that a higher dimensional analogue of adaptability is studied in [67].
5. Linear embeddings
Theorems 2.1 and 3.1 present an unavoidable phenomenon in sufﬁciently large complete
graphs, which can be regarded as a Ramsey-type theorem. This raises the following natural
question: Does any R(Kn) with sufﬁciently large n contain a prescribed knot type or link
type? The answer to this question is negative in general (if one makes a local knot on each
edge of R(Kn), then any cycle will involve a number of such local knots, which restricts
the knot and link types). We may restrict spatial embeddings of graphs so as to forbid such
phenomenon, for instance, whenR(G) is linear, that is, if each edge ofR(G) is represented
by a straight line segment.
Let r=r(L) be the smallest positive integer such that every linearR(Kn), nr , contains
a set of cycles isotopic to linkL. Negami [38] showed that for any given knot, link or spatial
graph R(G) there is a sufﬁciently large complete graph Kn such that every linear R(Kn)
always contains a subdivision of R(G). In particular, we have
Theorem 5.1 (Negami [38]). Let K be a knot. Then, there exists a ﬁnite number r = r(K)
such that any linear R(Kn), nr , contain a cycle isotopic to K.
The strategy to prove Theorem 5.1 relies on a Ramsey-type result in connection to the
cyclic polytope. The cyclic polytope of dimension dwith n verticesCd(n)was discovered by
Carathéodory [12,13] and many times rediscovered; it is usually deﬁned as the convex hull
inRd , d2, of n, nd+1, different points x(t1), . . . , x(tn) of themoment curve x : R →
Rd, t → (t, t2, . . . , td ). Cyclic polytopes, and simplicial neighborly polytopes, in general,
play an important role in the combinatorial convex geometry due to their connection with
certain extremal problems. For example, the upper bound theorem established byMcMullen
[31,32], says that the number of j-dimensional faces of a k-polytope with n vertices is
maximal for Cd(n).
A classical Ramsey theorem states
Theorem 5.2 (Ramsey [49]). Given any two integers rn, there exists an integer m such
that for every 2-colouring of (Em
r
) there is an n-element subset V of Em such that (Vr ) is a
monochromatic subset of (Em
r
).
The following proposition can be easily obtained from Theorem 5.2.
Proposition 5.3 (Björner et al. [3, Proposition 9.4.7]). Let n, d be integers with nd +
13. There exists an integerm=m(n, d) such that every set of m points in general position
in afﬁne d-space contains the m vertices of a cyclic polytope of dimension d.
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Proof of Theorem 5.1 (sketch). It is shown that, given a knot K, there always exists a
cycle C made of line segments, with extremes at the set of m vertices of a cyclic polytope
of dimension 3 with m sufﬁciently large such that C is ambient isotopic to K. And thus, by
Proposition 5.3, the integer r is ﬁnite. 
An older application of Ramsey theorem to knot theory can be found in [35], where
Motzkin showed the existence of a bound R such that every general position set with at least
R points contains a knotted polygon. Motzkin discussed the existence of a certain special
position in R3, using Ramsey’s theorem, and found an octahedral position in a sufﬁciently
large general position set. It is clear that any octahedral position contains a knotted hexagon,
which is isotopic to the trefoil.
It is clear that r(L)s(L) where s(L) is the sticky number of link L. From Theorem 2.1
we have that r(221)= 6 which is the best possible since s(221)= 6. This can also be shown
by using the geometric arguments given by Robinson in [57]. As we remarked above,
Theorem 3.1 says nothing about the knot types contained in R(K7). Therefore, one may
wonder whether in any linear R(K7) there is always a cycle equivalent to the trefoil (that
is, ambient isotopic to either the trefoil or its mirror; see Appendix). The latter was shown
to be true by Brown in [10] (unpublished). In [46], we also gave a proof of this fact.
Theorem 5.4 (Brown [10], Ramírez Alfonsín [46]). Any linear R(K7) contains a cycle
isotopic to either the trefoil or its mirror.
Let us brieﬂy describe the idea used in [46] to prove Theorem 5.4 that uses the machinery
of the oriented matroids theory.3 It is well known that there is a naturalway to associate an
oriented matroid (a set of circuits) to a given conﬁguration of points in the space. Thus, in
order to prove Theorem 5.4, we proceed as follows. LetM(R(K7)) be the oriented matroid
associated to the set of points of a linear R(K7). We proposed three sets of conditions (in
terms of circuits) and showed that if M(R(K7)) satisﬁes at least one of these conditions,
then R(K7) is forced to contain a cycle isotopic to either the trefoil or its mirror. In [46],
we also showed that there exists a linear R(K6) in which all cycles are trivial knots and
found that there exists a linearR(K7) containing either the trefoil or its mirror (but not both
at the same time).
Motivated by this new approach, we continued similar investigations by considering a
little more complicated knots and links.
Theorem 5.5 (Ramírez and Alfonsín [47]). r(421)> 7.
Theorem 5.6 (Ramírez Alfonsín [48]). r(ﬁgure-eight) and r(T (5, 2))9.
Notice that s(421) = s(ﬁgure-eight) = 7 and s(T (5, 2))7. In order to prove Theorem
5.5 (resp. Theorem 5.6) we gave a linear R(K7) not containing cycles isotopic to 421 (resp.
isotopic to the ﬁgure-eight nor to T (5, 2)). In both cases, we used the vertices of the cyclic
3 The theory of oriented matroids provides a broad setting to describe geometric conﬁgurations. This theory
considers the structure of dependencies in vector spaces over ordered ﬁelds; see [3].
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polytope and its combinatorial description in terms of oriented matroids (the well-known
alternating oriented matroids).
Negami’s proof of Theorem 5.1 uses the fact that there is a sufﬁciently large integer m
such that the cyclic polytopeC3(m) contains a cycle isotopic to a given knot. Unfortunately,
Negami’s method does not give an order of magnitude of m. Let us see how Nagami
proceeded. A given knot diagram D(K) is transformed into what Negami called a n-plat
representation which is more well known as a n-braid representation (which certainly
always exists by Alexander’s Theorem; see [1]). Such representation is oriented and must
have only positive crossings. So, each negative crossings is changed into (2n + 1)(n − 1)
crossings of the opposite sign obtaining a positive plat representation of K. Finally, Negami
constructed a linear embedding of a positive plat representation on C3(m) inductively. The
induction is long, involved and assumes ‘certain conditions’ that may increase the value
of m which depend on the number of crossings of the positive plat representation. So, the
magnitude of m heavily depends on the positive plat representation and thus is difﬁcult to
estimate.
In [48], we propose a completely new approach (avoiding the above drawbacks) to show
that any knot has a cyclic embedding. Our method is constructive and yields the following
result.
Theorem 5.7 (Ramírez Alfonsín [48]). Let K be knot and let cr(K) be its crossing number.
Then, there exists a cycle in C3(7cr(K)) isotopic to K.
Let f (n) be the smallest integer such that any set of at least f (n) points inR3, in general
position, induces the 3-dimensional cyclic polytope on n vertices. Proposition 5.3 ensures
the existence of f (n) and any explicit upper bound of f (n) would imply, by Theorem 5.7,
an explicit upper bound for r(K).
In [30], Miyauchi generalized Negami’s result for complete multipartite graphs.
Theorem 5.8 (Miyauchi [30]). For any given knot K there exist a pair of integers M,N
such that any linear R(Km,n) with nN and mM contains a cycle isotopic to K.
In [30], Miyauchi conjectured that any R(K8) and any R(K5,5) (not necessarily linear)
contains a cycle isotopic to the trefoil. A result closely related to Theorem 5.8 is due to
Negami [39] in which the rectilinear projections are introduced. A rectilinear projection of
a R(G) is a projection consisting of only straight edges (note that this type of projections
also exclude local knots on edges); see also [40].
Theorem 5.9 (Negami [39]). For any given knot K there exist a pair of integersM,N such
that any R(Km,n) whose projection is rectilinear with nN and mM contains a cycle
isotopic to K.
In [41], Negami showed that Ramsey theorem for spatial graphs without local knots does
not hold in general. Negami constructed aR(Kn,n) which has no local knots on edges and
which contains any subdivision of a given nonsplittable 2-component link.
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Fig. 7. Reidemeister moves.
Appendix
A link L with k components consists of k disjoint simple closed curves in R3. A knot K
is a link with one component. A knot K is said to be trivial if K bounds a 2-cell in R3 and
equivalently if there is a homeomorphism h : R3 → R3 which carries K onto the unit circle
in the xy-plane {(x, y, 0) ∈ R3|x, y ∈ R}. Also a link L is said to be trivial if there is a
homeomorphism h : R3 → R3 such that h(L) is contained in the xy-plane. In other words,
a trivial link is a union of mutually unlinked trivial knots.
Two knots (or links) K1 and K2 are said to be equivalent or to have the same knot type
(or link type) if there is a homeomorphism h : R3 → R3 such that h(K1)=K2.An ambient
isotopy of R3 is a continuous map H : R3 × I → R3 such that Ht is a homeomorphism
for any t ∈ I and H0 is the identity map, where I stands for the unit interval [0, 1] and
Ht : R3 → R3 is a map deﬁned by Ht(x) = H(x, t). Two links L1 and L2 are said to be
ambient isotopic if there is an ambient isotopy H : R3 × I → R3 such that H1(L1)= L2.
A link diagramD(L) is obtained from L by projecting it into a plane in such a way that the
projection of each component is smooth and atmost two curves (not necessarily representing
two different components) intersect (transversally) at any point. At each crossing point of
the link diagram the curve which goes over the other is speciﬁed. The fundamental theorem
of Reidemeister [50] states.
Theorem A.1 (Reidemeister [50]). Two links L1 and L2 are ambient isotopic if and only
if any link diagram D(L1) can be transformed into any link diagram D(L2) by a ﬁnite
sequence of moves I, II and III and their inverses; see Fig. 7.
A link L is said to be split if there is an embedding of a 2-sphere S2 in R3 − L such that
each component of R3 − S2 contains a component of L. The mirror of a link L, denoted by
L∗, is obtained by a reﬂection of L in a plane.A knotK is amphicheiral ifK is isotopic toK∗.
It is well known that the trefoil and its mirror are not isotopic; that is there is no sequence
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Fig. 8. Some basic knots and links.
of Reidemeister moves which will transform the trefoil to its mirror. In other words, the
trefoil is not amphicheiral; see [17]. It is also known that the Hopf link, denoted by 221 (the
simplest nontrivial link) is amphicheiral whilst the link 421 (the second simplest nontrivial
link) is not; see [36,37].
In Fig. 8, a diagram of the simplest nontrivial knots and links as well as a sticky represen-
tation together with their sticky number (the sticky number, s(L) of a link L is the smallest
number of sticks needed to represent L in R3) are given. We refer the reader to [11,37] for
further deﬁnitions and terminology on knot theory.
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